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Singular Hochschild Cohomology and Gerstenhaber 

Algebra Structure 

Zhengfang WANG * 


Abstract 

In this paper, we define the singular Hochschild cohomology groups HH* g (A, A) 
of an associative fc-algebra A as morphisms from A to A[i] in the singular category 
D sg (A A°P) for i £ Z. We prove that HH* g (A, A) has a Gerstenhaber alge¬ 
bra structure and in the case of a symmetric algebra A, HH* g (A, A) is a Batalin- 
Vilkovisky (BY) algebra. 


1 Introduction 

Let A be an associative algebra over a commutative ring k such that A is projective as a k- 
module. Then the Hochschild cohomology groups HH*(H, A) can be defined as morphisms 
from A to A[i] in the bounded derived category T> b (A(g) k H op ) of the enveloping algebra 
A<S>k A op for i £ Z>o- Namely, we have 

HH l (U, A) := Hom a j fc( ^ g)fcA op ) (A, A[i]). 

M. Gerstenhaber showed in [Ger] that there is a very rich structure on HH*(H, A). More 
precisely, he proved that HH*(W, A) is a so-called Gerstenhaber algebra. Namely, there 
is a Gerstenhaber bracket [•, •] such that [•, •] is a Lie bracket of degree —1, and a graded 
commutative associative cup product U, such that [•, •] is a graded derivation of the cup 
product U in each variable. 

In this paper, we will generalize the Hochschild cohomology groups to define the 
singular Hochschild cohomology groups HH* g (H, A) for j 6 Z. Namely, we define the 
singular Hochschild cohomology groups as 

HH* g (U, A) := Hom Bgg( ^ A op ) (H,H[i]), 

where D sg (H H op ) is the singular category of A ® k A op . Recall that D sg {A ® k A op ) 
is the Verdier quotient of T) b (A ® k H op ) by the full subcategory consisting of perfect 
complexes, that is, bounded complexes of projective H-H-bimodules (cf. [ Buch, IQrlj b 
We observe that HH* g (H, A) = 0 for an algebra A of finite global dimension since the 
singular category T ) S g(A <8>^ A op ) is zero in this case. So, from this point of view, the 
algebras we are interested in are those of infinite global dimension. Note that in general, 
HH* g (H, A) does not vanish even for i £ Z <0 . The main result of this paper is as follow. 
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Theorem 1.1 f=Theorem l4.ip . Let A be an associative algebra over a commutative ring 
k such that A is projective as a k-m.odule. Then the singular Hochschild cohomology 


:= QHH; g (A,A) 

iez 

is a Gerstenhaber algebra, equipped with a Gerstenhaber bracket [•, •] and the Yoneda 
product U in the singular category T) sg (A <g) A op ). 

From Buchweitz’s work in his manuscript [Buchj . we have a nice description on the 
singular Hochschild cohomology HH* g (A, A) for a self-injective algebra A. Namely, sup¬ 
pose that A is a self-injective algebra over a field k (e.g. a group algebra of a finite group). 
Then we have 


HHg g (H, A) = 


HH*(A, A) 

RB._ i _ 1 (A,Rom A e(A,A e )) 


if i > 0, 
if i < —1. 


Here we remark that, from [CiSoj . for the case of a group algebra k[G], where G is a 
finite abelian group and the characteristic of k divides the order of G, HH* g (A, A) is 

very related to the Tate cohomology HH (G, k) of G with coefficients in k, the trivial 
fcG-rnodule. We also remark that in the case of a self-injective algebra A, the singular 
Hochschild cohomology HH* g (A, A) agrees with the Tate-Hochschild cohomology defined 
in [Be.Toj and |BeJoOp| and the stable Hochschild cohomology defined in [ EuSc ], 

Recall that L. Menichi in [Men2j and T. Tradler in [ Tra j independently showed that 
the Hochschild cohomology HH* (A, A) of a finite dimensional symmetric algebra A has 
a new structure, the so-called Batalin-Vilkovisky (BV) structure (c.f. Definition I6.14|) . 
which has been studied in topology and mathematical physics during several decades. 
Roughly speaking a BV structure is a differential operator on Hochschild cohomology 
and it is a “generator” of the Gerstenhaber bracket [•,•], which means that [•, •] is the 
obstruction of the differential operator being a graded derivation with respect to the 
cup product. In this paper, we will generalize this result and prove that the singular 
Hochschild cohomology HH* g (A, A) of a finite dimensional symmetric algebra A has a 
BV algebra structure. Namely, we have the following result. 

Theorem 1.2 (=Corollary 16.21]) . Let A be a symmetric algebra over a field k. Then the 
singular Hochschild cohomology HH* g (A, A) is a BV algebra with the BV operator A sg , 
which is the Connes B-operator for the negative part HH^°(H, A), the A-operator for the 
positive part HH^°(A, A) and 

^s g |HHgg (A,a) — 0 : HH° g (H,H) —> HH^A, A). 

In particular, we have two BV subalgebras HH^°(A, A) and HH^°(A, A) with induced BV 
algebra structures. 

As a corollary, we obtain that the cyclic homology HC*(A,A)[—1] of a symmetric 
algebra A, has a graded Lie algebra structure (cf. Corollary [6722]) . We remark that L. 
Menichi showed that the negative cyclic cohomology HC!_(A, A)[—1] (cf. Proposition 25, 
[Menl] ) and the cyclic cohomology HC£(A)[—1] (cf. Corollary 43, }Men2] ) are both a 
graded Lie algebra . So in some sense our result is a dual version of his results. 
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Throughout this paper, we fix a commutative ring k with unit. We assume that all 
rings and the modules are simultaneously /e-modules and that all operations on rings and 
modules are naturally module homomorphisms. For simplicity, we often use the symbol 
<E> to represent <E>fc, the tensor product over the commutative base ring k. For a fc-algebra 
A, we denote (a* <g) a i+ 1 ® ■ ■ ■ <g) aj) G A®i~ l+1 {i < j ) sometimes by a t j for short, and 
denote the enveloping algebra A <S>k A op by A e . 
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2 Preliminaries 

In this section we recall some notions on Hochschild cohomology and Gerstenhaber alge¬ 
bras. For more details, we refer the reader to (Lodi G erj. 

Definition 2.1. Let k be a commutative ring with unit. A differential graded Lie algebra 
(DGLA) is a differential Z-graded fc-module (L,d) with a bracket [-, •] : L l x IP —y L* +J 
which satisfies the following properties: 

1 . it is skew-symmetric: 

[<*,/?] = -(-i) wl,J| [M; 

2. satisfies the graded Leibniz rule: 

d([a,/3]) = (—1 )^[da,/3] + [a, d/3]; 

3. and the graded Jacobi identity: 

( - 1) ( W -i ) " 1 '-i ) l[ «, / ? ] ,7 ] + (-1)< | 0 | - 1 >< i "I-‘>[[/3, 7 ], a ] + (-ijIM-WI-i)^]^] = o, 

where a,/3 ,7 are arbitrary homogeneous elements in (L,d) and |aj is the degree of the 
homogeneous element a. 

Remark 2.2. Let (L, d, [•, •]) be a DGLA. Then the homology H*(L, d) of the differential 
graded module (L, d) is a Z-graded Lie algebra with the induced bracket [•, •]. 

Definition 2.3. A Gerstenhaber algebra is a Z-graded /e-module %* := ® n <zz'H n equipped 
with: 
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1. a graded commutative associative product U of degree zero, with unit 1 G T-L°, 

u: n m x n n ->• n m+n 

(a,P) e-)- aL)/3. 

In particular, a U f3 = (— \y a \Wp u 

2. a graded Lie algebra structure [■, •] on H*[— 1], that is, 

[a,/3] = -(-l)(l“l-WI-»[/3,a] 

and 

( - 1 ) ( W -i ) " 1 '-i ) I K/3 ] ,7 ] + (-1)( | 0 | - 1 X | «I- 1 >[[/3, 7 ] 1 a] + (_i)(M-i)(W-i)[[ 7 , a] ^ = 0; 

3. compatibility between U and 

[a, p U 7 ] = p U [a, 7 ] + (-l) l 7 l(H_ 1 ) [a,/ 3 ]U 7 , 

(or equivalently, 

[a U /3, 7 ] = [a, 7 ] U f3 + (- 1 )H(I 7 |-i)q, U \/3, 7 ]) 

where a,P, 7 are arbitrary homogeneous elements in 1~L* and \a\ is the degree of the 
homogeneous element a. 

We follow [BaGij to define a Gerstenhaber module of a Gerstenhaber algebra "H*. 

Definition 2.4. A Gerstenhaber module of %* is a Z-graded vector space T* equipped 
with: 

1. a module structure U' for the graded algebra (H*, U); 

2. a module structure [•, •]' for the graded Lie algebra (H*[— 1], [-, •]). That is, 

[[a, 0\,x]' = [a, [8, *]']' - [ a , *]']'; 

3. compatibility: 

[a U p, x ]' = (-l)H(N- 1 ) Q! u' [/3, x)' + (— 1 )(M+M-i)I/ 3| /3 y' [ a> 

[a,P U' x]’ = p\J [a,x]' + (-l) N( l a l- 1 } [a,/3] U' x 

where a, P are arbitrary homogeneous elements in T~L* and x is arbitrary homoge¬ 
neous element in T*. 

Remark 2.5. For any Gerstenhaber algebra Ti*, H* is a Gerstenhaber module over itself. 

Naturally, we can define morphisms between Gerstenhaber modules. 

Definition 2.6. Let ("H*,U, [•, •]) be a Gerstenhaber algebra over a commutative ring k. 
Let (J 7 *, Ui, [•, -]i) and (J-J, U 2 , [•, -( 2 ) be two Gerstenhaber modules of "H*. We say that 
a fc-module morphism ip : is a Gerstenhaber morphism of degree r, (r G Z) if 

the following two conditions are satisfied 
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1. ip is a module morphism of degree r for the graded commutative algebra ("H*,U). 
That is, for any / G 'H rn and g G J 7 *, 

<p(f Ui g ) = (-i) m 7 u 2 <7«?) 

2. (p is a module morphism of degree r for the graded Lie algebra {%*{—!], [•, •])• That 
is, for any / G W n and g G T*, 

¥>([/,9]0 = (-i) (m - I,r [/,v>(a)] 2 . 


The classical example of Gerstenhaber algebras is the Hochschild cohomology 

HH*(H,H):= ® HH n (A,A) 

nez > 0 

of an associative algebra A. Let us start to recall some notions on Hochschild cohomology. 
Let A be an associative algebra over k such that A is projective as a fc-module and M be 
an H-H-bimodule. Recall that the Hochschild cohomology of A with coefficients in M is 
defined as 

HH *{A,M) := Ext %(A,M), 
and Hochschild homology is defined as 

HH *(A,M) : = Tor f(A,M) 

where A e := A ®k A° v is the enveloping algebra of A. Recall that we have the following 
(un-normalized) bar resolution of A, 


Bar*(A) :-- A®^ A®^ -_- H 03 A , 

where /i is the multiplication of A and d r is defined as follows, 

r 

d r (a 0 ® ai <g) • • • <g) a r+2 ) = ^(—l)*a 0ji _i <8> a.ia i+ 1 <g) a i+2 , r +i- 

i=0 


Denote 

C r (A, M) : = Horn A e(A® r+2 ,M), 
C r (A, M) -. = M® A e A® r+2 , 


for any r G Z>o- Note that 

Horn A e(H 0r+2 ,M) = Horn k (A® r ,M), 
M ® A e H® r+2 = M ® k 


( 1 ) 


We also consider the the normalized bar resolution Bar* (A), which is defined as 

Bar r (H) := A ® A® r ® A, 

where A := A/(k ■ 1^), with induced differential in Bar* (A). Thus the Hochschild coho¬ 
mology HH*(H, M) can be computed by the following complex, 

C*(A, M ) : M Horn k (A, M ) --- Horn k (A® r , M) Hom fc (H 0r+1 , M) — 
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where S r is defined as follows, for any / G HomA,(A 0r , M) 


5 r (/)(ai <g> ■ ■ ■ <g> a r+ 1 ) : 


a l/( a 2,r+l) + — l)V( a l,i—1 ® a i a i+l ® <fi+2,r+l) + 

2—1 


(-l) r+1 /(ai, r )a r+ i. 


We denote 

Z r {A,M) := Ker(cT) 

and 

B r (A, M) := Im(<5 r_1 ) 

for any r G Z>o- Then we have 

HH r (A,M) = Z r {A,M)/B r (A,M). 

We can also compute the Hochschild cohomology HH*(H, A) via the normalized Bar 
resolution Bar*(A), namely, we have (cf. e.g. |Lodj ) 

HH r (H, M) = T(A, M)/B r (A , M), 

where (A,M) and B r (A,A4) are respectively the r-th cocycle and r-tli coboundary in 
the normalized cochain complex C ( A,M ). 

The Hochschild homology HH*(H, M) is the homology of the following complex, 

C*(H, M) :-- C r (A, M) C' r _ 1 (H, M) ---- C 0 (A, M) 


where 


r —1 

d r (m <g) a\ <g) • ■ - <g) a r ) := ma\ <g) a 2 , r + ^(—l) ! m <g) ai^-i <g) aiCp+i <g) aj+ 2 ,r + (—l) r a r m <g) ai jr _i. 

2—1 


Denote 

B r (A,M) : = lm(0 r+1 ) 

Z r (A,M) : = Ker(<9 r ). 

Then we have 

HH r (A,M) := Z r (A, M)/B r (A, M). 

Similarly, it also can be computed by the normalized bar resolution Bar*(H, M), namely, 
we have (cf. e.g. IE® 


HH r (A M) = Z r (A,M)/B r (A, M). 

Let us recall the cup product, 

U : C m (A, A) x C n (A,M) ->• C m+n (A,M), 
which is defined in the following way. Given / G C m (A, A) and g G C n (A, M), 
if G g)(di <g) ■ • ‘ (g) Om+n) ■ f (®l,m)^(®m+l ,m+n) • 
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One can check that this cup product U induces a well-defined operation (still denoted by 
U) on cohomology groups, that is, 

U : HH m (A, A) x HH n (A,M) HH m+n (A,M). 

Recall that there is also a circ product, 

o : C n (A, M) x C m (A,A) ->• C m+n -\A,M) 

which is defined as follows, given / G C m (A, A) and g G C n (A, M), for 1 < i < n, set 

9 °i ,/(® 1 ® ' ' ' O ®m+n—l) • 9^1,i —1 ® f l) ® ®i+m,m+n—1)> 

n 

2=1 

for n = 0 , we set 

g°f-.= 0. 

Using this circ product, one can define a Lie bracket [-, •] on HH*(A, A) in the following 
way. Let / G C m (A , A) and g G C n (kl, A), define 

[/. 9] —l) (m - 1)( ”- 1 W. 

One can check that this Lie bracket induces a well-defined Lie bracket (still denoted by 
[',■]) °n HH*(kl, A). 

With these two operators U and [•, •] on HH*(kL, A), Gerstenhaber proves the following 
result. 

Theorem 2.7 (|G er]). Let A be an associative algebra over a commutative ring k. Then 
the Hochschild cohomology HH*(kl, A), equipped with the cup product U and bracket [•, •] 
is a Gerstenhaber algebra. 

Remark 2.8. Let A be an associative fc-algebra such that A is projective as a A'-module. 
Then for any m G Z>o, 

HH m (kL, A) ^ Horn ^^(A, A[m\), 

and the cup product U can be interpreted as compositions of morphisms (namely, the 
Yoneda product) in T> b (A kl op ). 

At the end of this section, let us recall the cap product D, which is an action of 
Hochschild cohomology on Hochschild homology. For any r, p G Z>o such that r > p, 
there is a bilinear map 

n : C r (A, M) ® C P {A, A) C r _ p (A, M) 

sending (m ® a\ ® ® a r ) ® a to 

(m ® ai ® - • • ® a r ) fl a := (—1 ) rp (m <8u a(ai ® ® a p ) <g) a p+ i ® ® a r ) 

It is straightforward to verify that fl induces a well-defined map, which we still denote 
by fl, on the level of homology, 

n : HH r (A, M) ® HH P (A, A) -»• HH r _ p (A, M). (3) 
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3 Singular Hochschild cohomology 

Let A be an associative algebra over a commutative ring k such that A is projective as a 
h-module. Recall the un-normalized bar resolution Bar* (A) (cf. (JTJ) ) of A, 

d2 : ^®3 dl : d o : ^ g 

Let us denote the p-th kernel Ker(d p _i) in the un-normalized bar resolution Bar* (A) by 
fP(H). Then we have the following short exact sequence for p G Z >0 , 

0 ->■ -G H® (p+1) -G n p ~\A) -G 0 (4) 

which induces a long exact sequence 

-> HH m (H, A 0(p+1) ) ->• HH m (H, n p -\A)) ->• HH m+ 1 (H, H P (H)) ^ • (5) 

We denote the connecting morphism in (J5j) by, 

9 m ,p-i : HH m (R,f] p - 1 (A)) -G HH m+ 1 (H,fF(H)) 
for m G Z>o- Hence we obtain an inductive system for any hxed m G Z>o, 

HH m (H, A) HH m+ 1 (H, O 1 ^)) HH m+ 2 (H, Cl 2 (A)) -- • • • ( 6 ) 

Let 

lim HH m+p (H,fi p (H)) 

p£Z > 0 

be the colimit of the inductive system ((HD above. 

Since A is a fc-algebra such that A is projective as a fc-rnodule, we have a canonical 
isomorphism 

HH m (H, M) = Hom Di , (Ae) (H, M[m]) 

for any H-H-bimodule M and m G Z>o- Hence we have the following morphism for any 
mGZ,f)G Z> 0 such that m + p > 0, 

<h m , p : HH m+p (H,fF(H)) -G Horn Vsgm (A,n p (A)[m + p]) -G Hom Bsg(i e ) (4 ! d[ m ]), (7) 

which are compatible with the inductive system © above. So the collection of maps 
induces a morphism for any hxed m G Z, 

<L m : lim HH m ^(AHP(H))^Hom Dsg(Ae) (H,H[m]). 

p€Z> o 
m+p> 0 

Next we will prove that <3> m is an isomorphism for any m G Z. 

Proposition 3.1. For any m G Z, the morphism 

<L m : Inn HH m+p (H, hF(H)) —>• Hom 2)sg(A e ) (H, *4[m]) 

P&> 0 
m+p> 0 


defined above is an isomorphism. 









Proof. First, let us recall the following fact (cf. e.g. Proposition 6.7.17 (ZiinJ): 

Fact 3.2. The following canonical homomorphism is an isomorphism for any m G Z 
Hom Bsg (^)(i,yl[m]) = lim Hom j4g (O m+p (^4), fi p (A)). 

p€Z>o 
m+p> 0 

Now using the fact above, we obtain that <E> m is surjective. Indeed, assume 

/ G Hom Bsg ( A e)(i,d[m]), 

then from the fact above, there exists p G Z> 0 such that / can be represented by some 
element 

hence / is also represented by some element f" G Hony 4 e(D m+p (/L), D P (H)). It follows 
that f" induces a cocyclc (See Diagram (jSJ)) 

« := f" o d m+p G Ho m Ae (A® m+ r +2 , 

hence a G HH m+p (H, D P (7L)). 

^<g)m+p+3 (g^ 

dm-\-p -\-1 

A ®m+p+2 _2_^. QP( A ) 
dm+p 

Q m+ P(A) 

r\ 

A ®m+p +1 

Moreover, we have that <h m (a) = /, so <h m is surjective. Here we remark that the following 
morphism between two inductive systems, 

- HH m+p (A, H P (H))-- HH m+p+1 (H, D P+1 (7L))-- • • • 

-^Hom 4e (D m+p (H),D p (H))-*- Hom Ae (H m+p+1 (H), H P+1 (H))-*- • • • 

induces a commutative diagram, 

lim HH m+p (H, D P (H)) > Hom Bsg(A e ) (H, A[m\) 

pez> o 

m+p> 0 

lim Horn 4e (D m+p (H),D p (H)). 

pez> o 

m+p> 0 
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It remains to prove that <3> m is injective. Assume that there exists 

(3 G Inn HH m+p (A, 1F(A)) 

pGZ > 0 

m+p>0 

such that <h m (/3) = 0. Then there exists p G Z> 0 such that ft is represented by some 
element p G HH m+p (A, D P (A)) and p is mapped into zero under the morphism 

HH m+p (A, IF (A)) ->■ Horn A e(n m+p (A), IF (A)). 


So from this it follows that the cocycle p induces a morphism g' : Vt m+P {A) —> 1F(A) 
such that g' factors through a projective A-A-bimodule P. The maps are illustrated by 
the following diagram. 


y^<g)m+p+3 

^m+p+l 


A ®m+p +2 Qp{A) 



A ®m+p+l 


(9) 


By funtctoriality, the A-A-bimodule morphism r : P —> 1F(A) in Diagram d^J) induces 
the following map. 


r* : HH m+p (A,P) HH m+p (A, 1F(A)) 

a ^ P 


( 10 ) 


Since P is a projective A-A-bimodule, we have the following commutative diagram be¬ 
tween two short exact sequences. 


0-- 1F+ 1 - A p+2 -- IF (A)-- 0 

r' r 

0--0-- P -- —-P --0 

Hence from the functoriality of long exact sequences induced from short exact sequences, 
we have the following commutative diagram. 


HH m+p (A, A® p+2 ) —- HH m+p (A, 1F(A)) 0 —HH m+p+1 (A, fF +1 (A)) (11) 

t'* t* 

- HH m+p (A, P) -HH m+p (A, P )-- 0 


So from Diagram (TTT1) above, we obtain that 

9 m+P!P (p) = d m+PtP T*(a) = 0, 

thus it follows that ft is represented by zero element in HH m+p+1 (A, fF +1 (A)), hence 

/3 = 0G lim HH m+p (A,lF(A)). 

PGZ> o 
m+p> 0 

So dv is injective. Therefore, <f> m is an isomorphism. ■ 
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Remark 3.3. By the same argument, we also have the following isomorphism for any 
m G Z, 

$ m : Inn HH m+p (A H P (A)) -> Hom^^A A[m}) 

pez> o 

m.+p> 0 

where if'(A) is the p-th kernel in the normalized bar resolution of A. 


4 Gerstenhaber algebra structure on singular Hochschild 
cohomology 


In this section, we will prove the following main theorem. 


Theorem 4.1. Let A be an associative algebra over a commutative ring k and suppose 
that A is projective as a k-module. Then the singular Hochschild cohomology (shifted by 

W) 

HH; e (n,n)[i] := QHom^yA^DIi] 

nEZ 

is a Gerstenhaber algebra. 

For p G Z> 0 , we denote the p-th kernel Ker(dp_!) in the normalized bar resolution 
Bar* (A) by Note that 12° (T) = A. 

Let m, n G Z>o and p, q G Z>q. we shall define a Gerstenhaber bracket as follows 


[•,•]: C m {A,T?{A)) <g> C n (A,n q (A)) —>• C m+n ~\A, W^ q (A)). 

Let / G C m (A,T?(A)) and g G C n (A,Ti q (A)), define 

__ fd((/®id 09 )(id® i - 1 (8)p®i d0m - i )® i) ifl<i<m, 
[^((icl^-^/^id^+^p^id 0 " 1 - 1 )® 1) if - q <i < — 1, 


and 


m q 

/•«- E<-i y {m - mi) ! »i 9 + •-< g 


2—1 


2—1 


where r(m,p; n, q; i ) and s(m,p; n, g; i) are defined in the following way, 


r(m,p; n, g; i) — p + q + (i — l)(g — n — 1), 1 <i< m, 
s(m,p ; n,q\i) = p + q + i(p — m — 1), 1 < i < q. 


Then we dehne 

Remark 4.2. We have a double complex G*’*(A,A), which is defined by 


C m ’ p {A,A ) 


C m (A, f/(T)) if mGZ >0 ,pGZ> 0 , 
0 otherwise 


( 12 ) 


(13) 

(14) 
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with the horizontal differential 5 : C m (A,Vt P (A)) —> C m+1 (A, h2 P (kL)), induced from bar 
resolution and the vertical differential zero. Recall that the total complex of C*’*{A,A), 
denoted by Tot(C*’*(A, A))*, is defined as follows, 

Tot(C*’*(A, A))" := 0 C m ’ p (A,A ) 


n=m—p 


with the differential induced from C*'*(A, A). 

Note that the bullet product • is not associative, however it has the following “weak 
associativity”. 

Lemma 4.3. Let fi € C mi (A,Tf h (A)) fori = 1,2,3. 

1. For 1 < j < m i and 1 < i < m\ + m 2 — 1, we have 

[ (-l) pl+P3 /i *j (A •i-j+i A) if 0 < i - j < m 2 , 

(-1) P3+P2 (/ 1 • i+P2 _ m2+1 / 3 ) •j f 2 if m 2 <i- j, i<m 1 +m 2 - p 2 
A *—(pi+P2+i+i—mi—m2) ( ./1 *j if rn 2 F i j■> ai 1 T m 2 p 2 ^ i 

(_l)Pi+ps ^ # . (/ 2 •_ 0 _. ) / 3 ) if l<j-i< p 3 

{ (-l) P2+P3 (/l •< f-i ) •ms+J-W-l /2 */ P3<j~i 


(A»jA)»iA = < 


2. For 1 < j < p 2 and 1 < i < m\ + m 2 — 1, 




f (-l) pi+P3 /i (/ 2 / 3 ) */!<*< nr 2 

(-1) P2+P3 (/ 1 # P2 _ j+i _ m2+1 / 3 ) f 2 if m 2 < i < m 1 + m 2 - P 2 + j 
A •—(pi+P 2 +l+*—mi— m 2 ) (/1 A) */ nr 2 < mi +m 2 -p 2 +j <i 

A • — (pi+P 2 +l+*—mi— m 2 ) (/1 / 2 ) */ «r 2 < i, mi + j < p 2 


5. For 1 <7 < mi and 1 < i < p 3 , 

(-l) Pl+P3 fi •-* (/2 •-(i+i-i) /a) if i + j < Ps ~ 2 


(A *j A) «-i A = 


(-1) P2+P3 (/ 1 •_< / 3 ) • m3 _ P3+i+i _i / 2 if p 3 - 2 < i + j 


4 . For 1 < j < p 2 and 1 < i < p 3 , 

(A A) •-* A = (-i) pl+P3 /i •-(*+ 7 ) (A «-i A)- 

Similarly, we have the following lemma. 

Lemma 4.4. F For 1 <7 < mi and 1 < i < m 2 , 

A (A •* A) = (A A) * 7 +i-i A 


I?. For 1 < 7 < mi and 1 < i < p 3 , 

-1) P1+P3 (A •*+! A) •; A 


A *j (A •-* A) = 


*/ i + j < mi 


(_1)pi+p2 f 2 »_ {i+j _ mi+pi) ( y f l 9j f 3 ) if mi < i + j 
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3. For 1 < j < p 2 + P 3 and, 1 < i < m 2 , 

( (-l) P l +P3 (/l •_ j f 2 ) • i f 3 

(-l)Pl +P2f 2 .. (/l . 

— {j+rm— P 2 — i) h) 

H 2 *i /s) *ro2+m3-p2— P3— 1+J /l 
. H 2 *i fs) *m2+m3— p2— P3—1+J /1 


/l»-j(/2»i/s) = < 


if 0<j<p 2 

if 0 < j - P2 < P3 +i - rn 2 

if 1 < P 3 +i ~ m 2 +1 < j ~ P 2 
if l<j-P2,P3 + i-m 2 <0 


f. For 1 < j <p 2 + P 3 and 1 < i < P 3 , 

( (—l)Pi+p 3 (/' ] # ._ i+1 / 2 ) ._ 2 / 3 «/ 0 < i - j 

fi *—j (y 2 *-i /s) = < (-l) pi+P3 (/i •-u-i) h) *-i h if 0<j-i<P2 

^ (/2 •—« /s) •m 2 +m 3 — p 2 — P3—1+j /l if P2 < j * 

Remark 4.5. Similar to [Per] . the cup product U for C'*’*(H, H) can be expressed by 
the multiplication p and the bullet product •. Namely, for / G C' m,p (H,H) and g G 

/ U g = (-l)V *-p /) *m+l 3- 

Indeed, we have 

(h »-p f) ®m+1 i?( a i ,m+n ) =d(g «_ p / (2) id)(ai im <2> g(a TO+1 ,m+n)) ® 1 

= (-l) p d(id p ®p)(f(a hm ) <2) g(a m+ i, m+n ) <2> 1 

( 1) ? / (®l,m)fi , (®m,+l,m+n) • 

The differential h in C*'*(A,A) can also be expressed using the multiplication and the 
bullet product •. Namely, let / G C m ' p (A, A), then 

5(f) = [f^p] = (-l) m - p ~ 1 \pJ]. 


Indeed, by definition, we have, 

m 2 

[/, -/<](<= £(-i) i+! 7 •< /<(“■. ™+i)+/(«,.„+,)+ 

i= 1 2—1 

2 — 1 
m 

^ ^ ( l) f (^1,2—1 ® ^ 2 ^ 2+1 ® ^2+2,m+l) “1“ ( l) (O^fl ® id) (y*(&l,m) ® ^m+l) ® l“f" 
2—1 

P 

^ 1 /(^ 2 ,m+i) + ®/x)(/(ai ?m ) (8) a m+1 ) 8) 1 

2 — 1 
m 

— — l)V( a l,2-l ® ^2 a 2+l ® &2+2,m+l) + a l/( a 2,m+l) + ( — l) m /( a l,m) a m+l 

2=1 

=( K/)( a l,m) 

where we used the fact that dijf (A)) = 0 and d o d — 0 in the third identity. Note 
that the bullet product • does not define a preLie algebra structure (defined in [Gerj ) on 
Tot (C*[A, A)), in general. However, in the following proposition we will show that the 
bullet product • defines a (graded) Lie-admissible algebra structure (defined in Section 2.2 
of [MeValj ) on Tot(P*(H, H)). That is, the associated Lie bracket [•, •] defines a differential 
graded Lie algebra structure on Tot(C'*(H, H)). 
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Proposition 4.6. The bracket [-, •] (defined in [Iff) gives a differential graded Lie algebra 
(DGLA) structure on the total complex (shifted by [l]j 

Tot(C'*’*(A, A) )*[!]. 


As a consequence, 

HH >0 (An*(A))[l] := 0 HH m (H,ff(H))[l] 

m£Z> Oi 
pez> o 

is a Z-graded Lie algebra, with the grading 

HH >0 (An*(A))n:= 0 HH m (H, 17(H)). 

mGZ>o,pG^>o 

m—p=n 

Proof. From the definition of the bracket in we observe that [•, •] is skew sym¬ 
metric, 

[/i,/ 2 ] = -(-l) (m i- p i-i)( m2 - p2 -i)[/ 2 , fi\. 

Now let us check the Jacobi identity. That is, let f e C mi (A, l7'(H)) for i = 1,2,3, we 
need to check that 


(-l)”‘” , [[/l,/2],/3] + (-l)»”‘[[/ 2 ,/ 3 ],/l] + (-l)”«“[[/ 3 ,/i],/ 2 ] = 0 (15) 


where Ui := mj — Pi — 1, for i = 1,2,3. Now let us apply Lemma 14.31 and 14.41 from 
these two lemmas, we note that every term on the left hand side of Identity (Il5|i will 
appear exactly twice. So the only thing that we should do is to compare the coefficients 
of the same two terms. However, this can be done case by case. Let us first consider the 
coefficient of the term (fi / 2 ) / 3 in ( 1 TB]) . which is 


(- 1 ) 


ni ri3+r (mi ,pi ;m2 ,P2 ■,j)+r(mi +m,2 — 1 ,pi +P2\rr13 ,p3\i) 


^_^^nin3+0 —l)n2+(i—1)113+^3 


By Lemma [4.31 we have the following cases 
1. If 0 < i — j < m 2 , we have 

(/1 / 2 ) »i h = (—l) Pl+JP3 /r (/ 2 •i-j+i 

The coefficient of the term f\ (/ 2 /a) is 

^_ ]\nin3+l+r(m2,P2;m3;p3;i—j+l)+r(mi,pi;m2+m3—l;p2+P3',j) _ ^_ ]\nin3+l+(i—j)n3+(j—l)(ri2+n3)+pi 


is)- 


(16) 


Hence the coefficients of these two terms in Identity (TTB1) are up to the scale 
— (—l) Pl+P3 , then from (TTBj) . it follows that these two terms will be cancelled in 

(USD. 


2. If m 2 < i — j, i < mi + m 2 — p 2 , then 

(A •; / 2 ) •< h = (-l) P3+P2 (/i *i+P 2 — m2+l / 3 ) *j / 2 - 

The coefficient of the term (f\ • i+P2 _ m2+1 / 3 ) / 2 is 

^_ ]\n2n3+l+nin3+r(mi,pi- 1 m3,p3;i—n2)+r(mi+m3—l,pi+p3;m2,P2;j) _ ^_ ]\nW3+\+(J— l)n2+(i—I)ri3+P2 


Hence the coefficients of these two terms are up to the scale — (— 1 )p 2 +P 3 ; so they 
will be cancelled in Identity (TT5]) . 
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3. If m 2 < i — j, mi + ni -2 — p 2 < h then 


(/l f2J *i f% fs •—(pi+P2+l+*—mi—m 2 ) (/l # i /s)- 

The coefficient of the term / 3 •_( Pl+P 2 + i +i _ mi _ m2 ) (/1 f 2 ) in (HSJ) is 

j'_^n2n3+l+r(mi,pi;m2,P2;j l ')+s(m3,p3;mi+m2-l,pi+P2;^l+^2-l+i) _ ^ _ -y ^nin 3 +l+(j —l)n 2 +(i—l)n 3 +p 3 


Hence the coefficients are np to the scale —1, so in the same reason they will be 
cancelled. 


4. If 1 < j — i < pa, then 

(/1 *j f2) •» h = (-l) Pl+P3 /i (/ 2 / 3 ). 

The coefficient of the term fi (/ 2 •-(j-i) /a) in (1T5T) is 

^_^’jnin2+l+m(n2+n3)+r(mi,pi;m2+m3—l,p2+P3;*)+ s ( m 2,P2;m3,p3;j—i) __ ^_-^\nin3+l+n2(i—l)+n3(j—l)+pi 

Hence the coefficients are np to the scale — (— 1 )p i+ p 3 , so they will be cancelled. 

5. If P 3 < j — i, then 

(A ft) •* /3 = (-l) P2+P3 (/l *i / 3 ) •ma+i-ps-l /2 
The coefficient of the term (/x / 3 ) •m 3 +j_p 3 _i / 2 is 

/ ^n2n 3 +l+nin 3 +r(mi,pi:)ri3,p3;«)+r(mi+m,3 —I,pi+p3;m2,p2;^3+j) _ ^jl+nin 3 +n 3 (i—l)+(j— I)n 2 +P 2 


Hence the coefficients are np to the scale — (— 1)p 2+ P3 ; so they will be cancelled. 

In a similar way, the other cases can be checked. So Identity holds. Hence, it remains 
to verify the following identity, for / G C m ’ p (A, A) and g G C n,q (A, H), 

*([/,«]) = (-l)”-''- , [<S(/),»] + [/,i(«)]. (17) 

Now by Remark 14.51 it is equivalent to verify that 

[[f,g],fA = (-i) n_?_1 [[/,^],0] + [/, \g,tA], 

which is exactly followed from the Jacobi identity. Hence Identity (fT7|) holds. Therefore, 
Tot(C*’*(H, H))*[l] is a differential graded Lie algebra. Observe that for any n G Z, we 
have, 

H n (Tot(C*’*(A, A))*) = 0 HH m (H,n p (H)) 

meZ> 0 ,peZ>o 

m—p=n 

hence 

HH > 0 (H,ff(H))[l] := 0 HH m (H,ff(R))[l] 

mgZ>o, 
pez> 0 

is a Z-graded Lie algebra since the homology of a differential graded Lie algebra is a 
graded Lie algebra with the induced Lie bracket. ■ 
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Let m £ Z>o and p £ Z>o- Then we have a short exact sequence (from the normalized 
bar resolution of A ), 


o — - f? +1 (A) ^ ^(P+2) n p (A) —- o, 

which induces a long exact sequence, 

-► Tf(A)) -^3- HH m+1 (A, s ? +1 (vl))-► HH ’” +1 (A, A®<r +2 >)--- 

(18) 

where 

9 m>p : HH m (A,f?(A)) HH m+1 (A,fF +1 (A)) 

is the connecting homomorphism. In fact, we can write 6 mp explicitly. For any / £ 
C m (A,kf(A)), 

0m,p{f)( a i,m+i) = (-l) p d(f(a hm ) ( 8 ) a m+ i ® 1). (19) 

Indeed, 9 nitP is induced from the following lifting, 



f/(A) ^- A <g> 7^ p ® A - A <g> A® p+1 ® A 

v ' a a 


where 


f(0'l,m+2) = ®l/(®2,m+l)^m+2) 

/o(®l,m+2) ( 1) ®l/'(®2,m+l) ® Q"in+2i 

/l(®l,m+3) ( 1) ®l/(®2,m+l) ® Om+1 $5 ®m+2- 

Hence 0 m ,p(/)( a i,m+i) = (—l) p d(/(ai im ) ®a m+ i (8) 1). As a result, these connecting homo- 
morphisms 9 m _ p induce a homomorphism of degree zero between Z-graded vector spaces, 

9 : HH*(A,n*(A)) ->• HH*(A,H*(A)) ( 20 ) 

where 

«Ihh~ (J ,!?(x)) = : HH”(/l,Sf (A)) -> HH m+1 (/l,Tf + '(A)). 

The following proposition shows that 0 is a module homomorphism of the Z-graded Lie 
algebra HH*(A, fi*(A)). 

Proposition 4.7. Let A be an associative algebra over a commutative algebra k, then 
the homomorphism of Z-graded k-modules 

9 : HH*(A,H*(A)) ->■ HH*(A,H*(A)) 

(defined in f20\) above) is a module homomorphism of degree zero over the Z-qraded Lie 
algebra HH*(A, 0*(A)). 

Proof. Let / £ HH TO (A, fF(A)) and g £ HH n (A, 12 9 (A)), it is sufficient to verify that 

9 m + n -i,p+ q ({f, g\) = \9mj,{f),g\■ (21) 
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First we claim that the following two identities hold, 

<W/) • a - <W„-1 ,*+,(/ • a) = (-1 r (<-*-»+?+, d{f ® 9 ® i) 

9 • 9 m , P (/) - « m+ „-i, P+ ,(9 • /) = (-lY^-n-t)+ r +, d( f @ 9 g, i). 

It is easy to check that (122]) implies Identity (12Tj) . Now let us verify the two identities in 
dZ2D- Indeed, we have 


6m, P (f ) • 9 


m +1 




i— 1 


2=1 


m q 

=s-ir^u-iw/ «) + D- i )* ( ”' K "' aii, 'W/) •-< 9+ 

2=1 2=1 

( _ 1)r(m+1 , p+1;n , g;m+1) ^ (/) 

= 0 TO+n _W/ • s) + i)+p+^(/ ®^®l) 


Similarly, we have 


p+i 


9 • 0 m , P (/) = .. e^ p (f) + ^(_l )S (n >? ;m+l,p + l;O 0 0 mp (/) 


2=1 

n 


2=1 




2=1 


2=1 


( _ ir (n, g;m+ l, P+ l; P+ l)^ # _ p _ i 0mp(/) 

=0 m+n _ ljH .,(^ • /) + (-l)(P+ 1 )( 9 -n-l) +P+9d(/ 0 5 01). 


Hence we have proved that the two identities in (1221) hold, so the proof is completed. ■ 

Remark 4.8. Note that we did not consider HH°(H, H P (H)) for p E Z>o when we de¬ 
fined the Lie bracket [•, •] on HH > 0 (H,H (A)). In fact, for p E Z>o, let us consider the 
homomorphism 

0 Oip : HH°(H,n p (H)) —> 

Via this homomorphism, we can define a Lie bracket action of HH°(H, h2 p (H)) on HH n (H, Q q (A)) 
for n E Z >0 and p E Z> 0 as follows: for a E HH°(H, h2 p (H)) and g E HH n (H, ^(H)), 
define 

[<*,g] ■= [ 0 o,?(<*), $]■ 

Denote 

HH-°(H,n*(H)) := 0 HH m (H,ff (H)). 

m6Z>o, P eZ> 0 

In the following proposition, we will prove that there is a Gerstenhaber algebra structure 
on HH-°(H, rT(H)). 

Proposition 4.9. Let A be an associative algebra over a commutative ring k. Suppose 
that A is projective as a k-module. Then 


HH^°(H,D*(H)) := 0 HH m (H,ff(H)) 

mez> 0 ,pez>o 


with the Lie bracket [•, •] and the cup product U , is a Gerstenhaber algebra. 
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Proof. From Proposition [4761 Proposition 14.71 and Remark 14.81 it follows that IIII '- '{A. I1*(A)) 
is a Z-graded Lie algebra. Next let us prove that U defines a graded commutative algebra 
structure. Let /* G HH m '(A, ^‘(A)) for i — 1,2. Then we claim that 

/lU/,-(-1 )(™-p.)(™-w) /2 ij /, = i(/ 2 . /,), 


indeed, by immediate calculation, we have 

m 2 

<S (/ 2 • /l)(ai,„+„) = ]T(-l)m+»+< i -i><n-"M-i>cS (/ 2 o f / 1 )(o 1 , m+ „) + 

2 = 1 
Pi 

/l)(oi m+n ) 

2=1 

=/i(ai,m 1 )/2(a mi +i,m 1 +m 2 ) - (- 1 ) (mi -Pi)( m2 -P 2 ) f 2 (a ljm2 ) /i(a m2+ i, m i +m2 ). 


Hence we obtain, in HH mi+m 2 (H, IT 1 +P 2 (H)) 

/iU/ 2 = (-l) (mi - pi ) M /2U/ 1 . 


So the graded commutativity of cup products holds. It remains to verify the compatibility 
between U and [•,•], namely, for f l G ^(H)), 

[fl U / 2 , / 3 ] = [A, / 3 ] U f 2 + (-1 )(m 3 - P 3-l)(m 1 - P i) /i y [/2) /s] _ (23) 

Claim 4.10. In the cohomology group HH mi+m2+m3_1 (H, Vt P1+P2+P3 (A)), we also have the 
following identity, 

A• (AUA )- (-l) 0 ™—"(A• /,)U/.-/.U(A• A) = o. (24) 

Claim 4.11. In the cohomology group HH mi+m2+m3-1 (j4,n pl+P2+P3 ( 3 )), we have the fol- 
lowing identity, 

(A u A) • A - (A • A) u A - u (A • A) = o. (25) 

It is easy to check that these two claims imply Identity (1231) . Now let us prove these 
two claims. The proofs of these two claims are very similar to the proof of Theorem 5 in 
[Ger]. 

Proof of Claim. \fPT0 [ First, it is easy to check that we have the following identity 

for the left hand side in (l^Tl) 


1713 


pi 


LJjg — (_ I ) r ( m 3 ,P3;1771 +1772,P1 +P2 ;j) (^ |J y 2 ) _|_ ^^(_i)s( m 3,P3;i7U+r772,pi+P2;7)y 3 m _. y / 2 ) — 

2=1 2=1 
m 3 

^ 2 ) (7712 -P2 ) (m 3 -P3 -1) +7- (m 3 ,P3 ;7771 ,P1 ;i) ^ # y 

2=1 

pi 7723 

y^(_l)(ra2-P2)(m3-p3-l)+s(m 3 ,P3;mi,pi;i)(j 3 # ^ y^) U / 2 — l) r ( m3 ’ J,3;m2 ’ P2;i ) f x U (/ 3 •, / 9 ). 


2=1 


2=1 
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Set 


pi m3—i 

®f 3 <g> id^ 1 ^ 2 ^) (A ® id 0j_1 ®/ 2 <8 id 0 ™ 3 ^ 1 ) <g> 1+ 

i= 1 i=l 

m 3 m 2 —1 

2 (-l)<^((/ 3 <8> id® Pl+P2 )(id 0i “ 1 ®/! (8) id 0 '- 1 ®/ 2 <8> id®™ 3 ^) (8) 1). 

i=l i=i 

where to simplify the formula, we do not consider the sign of each term in Hi. Then we 
will show that 

LHS = 5{Hi). 

Namely, take any element ai, mi +m 2 +m 3 -i G J 4 ^mi+m 2 +m 3 -i^ we nee d to prove that 

LHS(ai, mi+m2+m3 _i) d( H \) ((Zi jmi _|_ m2 _|_ m3 _ 1 ), (26) 


Indeed, this identity can be proved by a recursive procedure. That is, as a first step, we 
will verify that those terms containing /i(ai )mi ) in (l26|i can be cancelled by frequently 
using the fact that d 2 = 0 and d(Jf (A)) = 0 for p G Z >0 . This can be done by comparing 
the terms containing /i(ai jmi ) of both sides in (l26j) . Then after cancelling those terms 
containing /i(ai imi ), we obtain a new identity 


LHS (cq irni -j_ m2 _|_ m3 _i) S(H\ ) (Ol ) m 1 +m 2 +m3 —1), 


which does not have the terms containing /i(ai imi ). By similar processing, we will 
cancel the terms containing /i(a 2 ,mi+i)- Hence after several times, all the terms will 
be cancelled, so Identity (1261) holds. Therefore LHS = 0 in the cohomology group 

HH m 1+ m 2 +m 3 -l( A ,^i+P 2 +r 3 ( A )). B 

Proof of Claim\fPTJ, Similarly, the left hand side in (j25]l can be written as 


P3 


LHS _ y-(_ l ) r(mi +m 2 ,pi +P 2 ;m 3 ,p 3 ;i)^ y j ^ j ^ (_\) s ( m i + m 2 ,Pi +P 2 ;m 3 ,p 3 ;i)(y j y # ^ J 3 _ 

2=1 2=1 
mi P3 

^ ( _ 1) r(m llPl ;m 3)P3 ;i) (/i .. /g) y ^ _ ^ ( _ 1) d- 1 , Pl ;m 3 , P3 ;b (/l /g ) y / 2 _ 

2=1 2=1 

P3 

y^(_l)(rai-pi)(m 3 -p 3 -l)+s(m 2 ,p 2 ;m 3 ,p 3 ;i)yy y ^ y^ 


2=1 


Set 


mi p3 

H 2 := J2(-I)^d((fi ® id 0 '- 1 ®/ 2 ® id. 0P3_5 ')(id 04-1 ®/ 3 ® id 0mi+m2 -'-i) <8> 1)+ 

2=1 j=l 

P3 

^(-l) ei d((id<8>/i ® id 01-1 <g)/ 2 ® id 0 ^ - * -1 )^^^) <8> a m3imi+m2+m3 _ 2 ) ® 1) 
2=1 


Similarly as above, by calculation, we obtain that 


LHS = 6 {H 2 ), 

hence LHS = 0 in the cohomology group HH mi+m2+TO3_1 ( 2 4, 0 P1+P2+P3 ( 2 4)). ■ 

Therefore, we have completed the proof. ■ 
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Remark 4.12. The proof of Proposition 14.91 above relies on combinatorial calculations. 
To understand the Gerstenhaber algebra structure much better, it is interesting to inves¬ 
tigate whether there is a .Boo-algebra structure on the total complex of C*'*{A, A) since 
from Section 5.2 in [ GeJo j it follows that a Boo-algebra structure on a chain complex C 
induces a canonical Gerstenhaber algebra structure on the homology H*(C). 


Now let us prove the main theorem (cf. Theorem 14. TJ) in this section. 
Proof of Theorem f.l 


for m G Z, 


T, 


From Proposition 13.11 we have the following isomorphism 
lim HH m+p (A,n P (hl)) ->HomD Bg(A e)(A, 4 m]). 


pez> 0 

m+p> 0 


From Proposition 14.71 and Proposition 14.91 it follows that the structural morphism in the 
direct system R p+ *(t4)), 

9 m , p : HH m (kl,fF(kL)) HH m+ 1 (7L,f? + 1 (7L)) 


preserves the Gerstenhaber algebra structure. Therefore, there is an induced Gersten¬ 
haber algebra structure on its direct limit 

HH* g (kl, A) = Inn HH* +P (kl, f?(A)). 

pSZ > 0 

*+p>0 

So HH* g (kl, A) is a Gerstenhaber algebra, equipped with the cup product U and the 
induced Lie bracket [•,•]. ■ 

Let us denote, for m G Z> 0 , 


Ker m ’°°(kl, A) := ker(HH m (kl, A) HH™(kl,kl)), 

and 

HH m ’°°(kl,Al) := Im(HH m (kl, A) -> HH™(kl,kl)). 

Then we have 

HH m ’°°(kl,kl) = HH m (kl, A)/Ker m,00 (A, A). 

Corollary 4.13. Ker*’°°(kl, kL) is a Gerstenhaber ideal of HH*(kl, A). In particular, 
HH*’°°(kL, A) is a Gerstenhaber subalgebra o/HH* g (kl, A). 

Proof. First let us claim that the natural morphism 


<f> : HH*(kL, A) —> HH* g (kl, A) 

is a Gerstenhaber algebra homomorphism. In order to prove this claim, from Proposition 
14.71 and Remark 14.81 it is sufficient to verify that 

[MHH°(A A)), MHH°(kl, A))] = 0, 

where we recall that 

d 0 ,o : HH°(kl, A) HH^An^kl)) 

is the connecting homomorphism in (JTSJ). Let A, p G HH°(kl, A ), then from ([TUP it follows 
that for any a G A, 

$o,o(A)(a) = A ® a — Aa ® 1; 

6 > o i0 (//)(a) = p® a — pa( g) 1 . 
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Hence, by direct calculation, we obtain that for any a G A, 

[^ 0 , 0 (A), 0o,o(/^)](o) = 0. 

So we have shown that 

$ : HH*(A, A) ->• HH* g (A, A) 

is a Gerstenhaber algebra homomorphism. Thus its kernel Ker*’°°(A, A) is a Gerstenhaber 
ideal and its image HH*°°(A, A) is a Gerstenhaber algebra. ■ 

5 Gerstenhaber algebra structure on HH*(A,A® >0 ) 

Let m, n G Z >0 and p, q G Z>i, we will define a star product as follows, 

* : C m (A, A 0p ) x C n (A, A® q ) —>■ C^-^A, A® p+q ~ l ) 

for / G C m (A, A® p ) and g G C n (A, A 09 ), denote 

/ *o 9 ■ = (/ ® id)(id m _i ®g), 
f*i 9'- = (idp-i ®/)(s ® id). 

Then we define 

and denote 

{/,«}:=/* 9 - * /. (27) 

Remark 5.1. For the case p = 1, we can also define a Lie bracket 

{•, •} : C m (A, A) x C n (A, A 09 ) -)• C ,m+n “ 1 (A, A 09 ), (28) 

let / G (7 m (A, A) and g G G n (A,A 09 ), 

{/,«} =/*9-(-l) < ”" 1)( "" 1) 9o/, 

where g o / is the circ product (cf. (12)1 ) defined in [Gerj . 

We remark that in general, the star product * is not associative. However, some 
associativity properties hold. In the following lemma, we list some of them. 

Lemma 5.2. Let fi G C mi (A, A® Pi ), i = 1,2,3. Then we have the following, 

1. for pi G Z>o,p 2 ,P3 e Z>i, 

(A *o fi) *o fz = fi (/2 *o / 3 ), 

(fl *0 fi) *1 fz = (/l *1 fz) *0 / 2 , 

(/l *1 ff) *1 fz = fl *1 (/2 *1 / 3 ), 


-2- forpi,p 2 G Z >0 ,p 3 e Z>i 7 

fl *1 (/2 *0 / 3 ) = /2 *0 (/l *1 / 3 ). 
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Note that C'* >0 (A, _4®* >0 ) is a double complex with horizontal and vertical differentials 
induced from the bar resolution. We consider the total complex 


Tot(C'* >0 (A^* > °))*, 


which is a differential Z-graded /e-module, with the grading 

Tot(C'* >0 (i4,^®* >1 )) m = 0 C m (A,A® p ) 

PGZ> o 


and the differential induced by the horizontal differential. 


Remark 5.3. We remark that the horizontal differential S in C* >0 (A, A* >0 ) can be 
expressed by the star product, circ product and the multiplication u of A. That is, for 
/ G C m (A,A®P), 


Indeed, we have, 


{pi /}(®l,m+l) P */( a l,)7i-t-l) ( 1) f ° p{fl±,m+l) 

= (—l) m_1 0 <8) id)(ai <g> f(a 2 , m + 1 )) + (idp-i ®p)(f(a>i,m) ® a m +i)~ 

m 

® diCLi+i ® d i+ 2 ,m+l) 

i =1 

= (-l ) m - 1 < y(/)(a 1 , m+1 ). 


Proposition 5.4. Tot(C* >0 (A, yf®* >0 ))* i s a differential graded Lie algebra (DGLA) with 
the bracket {-, •} defined in 0- As a consequence, 

HH* >0 (A,^®* >0 ) = 0 HH m (A,A® p ) 

m,pSZ>o 

is a Z-graded Lie algebra with the grading 

HH* >0 (A, A®* >0 ) m := 0 HH m (A,A® p ). 

0 


Proof. Let us prove first that it is a Z-graded Lie algebra. Note that the bracket is 
skew-symmetric. We need to verify the Jacobi identity, namely, for fi G C mi (A, A® Pi ),i = 
1,2,3, 

(-ir n3 {{/i, /a}, /s} + (-1 r ni {{/ 2 , /s}, fi} + (-l) n3n2 {{/ 3 , fih h} = 0 (29) 


where n , := m* — 1. Let us discuss the following three cases. 

Case 1: ^ G Z > i. From Lemma [5.21 it follows that each term of the right hand side 
in Q29j) will appear exactly twice, hence it is sufficient to compare the coefficients of those 
two same terms. For example, the coefficient of (fi *o ff) *o fz in (j29j) is (—l) n2 ( ni+n3 ). 
From Lemma 15.21 we obtain that 

(/i *o /a) h = fi {f2 *o / 3 ). 

And the coefficient of f\* 0 (fi*ofi) in is — (—l) n2 ( ni+n3 i, hence these two same terms 
will be cancelled in f|29]i . Similarly, we can verify the other terms. 
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Case 2: pi,p 2 = 1 and p% £ Z>i. From Theorem 2 in [ Gerj . we have the following 
identity, 

A ° {/i, A} = (A » A) - A - (-i)<”»- 1 ><"'>-»(/ 3 o / 2 ) o /,. 

Thus, to verify the Jacobi identity (T29|) is equivalent to verify the following one, 

{A, A} * A =A * (A * A) - * (A ° A) - * / 3 ) „ /,- 

( _ 1)(m ,-i)( m ,-i) /2 * (/i * yy + (_!)(■».-i>™/ 2 * (/ 3 o /,)+ 

(- 1) (” , *-i) (m2 -i)(A*A)°A- 

(30) 


It is easy, by definition, to check that the following identity holds, 

(A ° A) * A + * (A o A) - (-i)<”»-»0"»-i)(/ 1 * f 3 ) o / 2 

=(_!)(»,+m 1 )(™-l)+(m 1 -l)( m 2 -l) /i * 0 ( /2 * 0 /s ) + /t ( /2 *, /s ). 

Similarly, we also have 

(A ° /l) * / 3 + (-l ) (mi - 1)m3 /2 * (/ 3 O A) - —1 )(/ 2 * / 3 ) o A 

= ( _ 1 ) ( mi+m 2 )( m 3 -l)+( mi -l)(m 2 -l ) /2 (/i /s) + h ^ (/i ^ /a) 


We also note that 

(A * (A * A) - (-i)<™- 1 ><™- 1 >/ 2 * (/, * / 3 )) 

=(- 1) (”“-i)( mi+m * ) A * 0 (A*o A) + A *i (A*i A)- (33) 

*„ (/l * 0 /s ) _ 1)/ 2 (/, *, / 3 ). 


So combining (13TT) . (132]) and (1331) . we get Identity (1301) . Hence the Jacobi identity holds. 

Case 3: pi = 1, P 2 ,P 3 £ Z >1 . First, similar to Case 2, we have the following identities 
for {i,j} = {2,3}. 

(A o A) * A + (-i) (mi_1)m ^A * (A o A) - (-i) (mi - 1)(m ^- 1) (/ i * A) ° A 

= ( _ 1 ) ("»i+m i )(m i -l)+(m 1 -l)(m i -l ) /2 (/l /.) _ f. ^ (/l ^ /.). 

Hence, each term in Jacobi identity in (129]) can be expressed by star product (no circ 
product). So, similar to Case 1, by using Lemma [5721 we can compare the same two 
terms. Thus, we have verified that Tot(C'* > 0 (H, H®* >0 ))* is a Z-graded Lie algebra. 

Next we will prove that {•, •} is compatible with differential, that is, let A £ C mi (A, A 0Pi ) 
for i — 1 , 2 , we need to verify the following identity, 

5({A, A}) = (-i) mi_1 {A, 5(A)} + (5(A), A}- (35) 


From Remark 15.31 we note that it follows from the Jacobi identity (12111) . Since 

H m (Tot(C* >0 (A, H®* >0 )) ^ HH* >0 (H,H®* >0 ) m , 

it follows that HH* >0 (H, H lg) * >0 ) is a Z-graded Lie algebra. Hence we have completed the 
proof. ■ 

Lemma 5.5. Let fi £ HH"' i (2l, A® Pi ) fori = 1,2 and suppose that P 2 > 1. Then we have 

A u A = A u A = o. 
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Proof. In fact, we have the following identity for fa £ C mi (A, A® Pi ) and p 2 > 1, 

S(fa *o fa) = S(fa) fa + (-1 ) mi -Vi 5(/ 2 ) + (-i) m 7i U fa, 

7/1 / 2 ) = h *17/ 2 ) + (-1 ) m 2 - 1 <5(/ 1 ) *1 / 2 + (-i) m 7 2 U fa. 

Hence it follows that /i U / 2 = / 2 U fa = 0. ■ 

Next we will prove that HH* > 0 (H, H 0 * >o ) is a Gerstenhaber algebra. 

Proposition 5.6. HH* > 0 (H, 7L 0 * >O ) is a Gerstenhaber algebra (without the unity) with 
the cup product and Lie bracket. 

Proof. It remains to verify the compatibility between cup product and Lie bracket. 
On the other hand, from Lemma 15.51 above, it is sufficient to verify that for fa £ 
HH mi (d, A), i = 1, 2 and fa G HH m 3 (H, H 0 ? 3 ), where p 3 > 1, 

{/l U h, A} = u {/ 2 , f 3 ] + (_l)(»M+™-l yn»f 2 u {/li h} (36) 

Recall that we have the following identity in HH mi+m 2 +n_ 1 (H, H 0 p )(cf. Theorem 5. |Ger| ). 

fa o (fa u fa) - fa U (fa O fa) - (_i)- 2 (m 3 -i) (/3 D fi) u h = 0. (37) 

Hence it follows that Identity (15^]) is equivalent to the following identity, 

(fa U fa) *fa~ (fa * fa) A fa- (_!)-! (-3-D A u (/2 * / 3 ) = 0. (38) 

Let us compute the left hand side in (138|) . 

((A U / 2 ) * A - (A * A) u/ 2 - (-l)”* 1 '"- 1 '/! u (/ 2 * A)) 

=( _ 1 ) <™+ TO -i)(m,-i) /l y (/2 * 0 h) + (/l *, / 3 ) u / 2 - (-i)< m ‘-» (m »-i )(/ 1 *» A) u A- 
(A *i A) u / 2 - (_i)”..c»»-i)+(”«-i)(">.-i) /l u (/2 * 0 /s) _ (-j)".!".-!)/, u (/2 *, ; 3 ) 
= - * 0 A) u / 2 - (-I)”-'"-*- 1 )/, u (/ 2 *, / 3 ) 

(39) 


Set 

G:=("ir 3 (fa*ofa)*ifa- 

By calculation, we obtain that 

<5(0) = *„ f 3 ) U / 2 + U (/ 2 *! A), 

hence it follows that in HH mi+m 2 +Tl_ 1 (H, A® p ), 

(A u / 2 ) * 9 - (A * s) u / 2 - (_i)"«c»—»/, u (A * 9) = 0. 

Therefore, we have verified Identity (l36|h ■ 

Corollary 5.7. Let A be an associative algebra over a commutative ring k. Let fa £ 
HH mi (H, A), mi G Z >0 for i = 1, 2. Then for any g £ HH m (H, A® p ),p £ Z>i, m > 0, we 
have 

{fa u fa, g} = o. 

Proof. This result follows from Lemma 15.51 and Proposition 15.61 ■ 


24 






6 Special case: self-injecitve algebra 

In this section, let A be a self-injective algebra over a field k. Then A e := A (%>k A op is 
also a self-injective algebra. Recall that the singular category !D sg (A) of a self-injective 
algebra A is equivalent to the stable module category /l- mod as triangulated categories, 
namely, we have the following proposition. 

Proposition 6.1 ( |KeVol IRicj ). Let A be a self-injective algebra. Then the following 
natural functor is an equivalence of triangulated categories, 

A- mod —> D sg (A). 

Recall that for any m E Z, we define 

HH™(A,A) - Horn Vss{Ae) (A, A[m}). 

Thanks to Corollary 6.4.1 in [Buch] . we have the following descriptions for HH* g (A, A) in 
the case of a self-injective algebra A. 

Proposition 6.2 (Corollary 6.4.1, [Buch] ). Let A be a self-injective algebra over a field 
k, denote A v := Hom^A, A e ). Then 

1. HH* g (A, A) ^ HIT (A, A) for all i > 0, 

2. HH“*(A, A) =* Tor f^A, A v ) for all i > 2, 

3. there is an exact sequence 

0-- HH~ 1 (A, A) -- A v A -- Horn a ,(A, A) -- HH° g (A, A) -> 0. 

Remark 6.3. Since A is self-injective, so is A e . Hence we have for i > 2 and n > 1, 

Torf^A, A v ) = HH“*(A, A) = Horn -t AlTfAh Ll n+i {A) = Ext^ e (A, fT +i (A)). 

To simplify the notation, we denote each of these isomorphisms by X i n . In fact, we can 
write the isomorphism X it7l explicitly, for 

a <g) Oi <g) • • ■ <g) a.j_i G Tor(Ti(A, A v ), 

we have 

Aj, n (a <E> ai <g) • • ■ <g) dj_i) e Ext^ e (A, H n+ *(A)) 
which is defined as follows, 


A;,n(a <8> ® ■ <g) aj_i)(6i <g) ■ • • <g) b n ) = ^ d(xj <g) a^-i <g) yj <g) b ljU <g) 1), 

i 

where we write a(l) := Xj (g) yj. 

Under the isomorphisms Aabove, we have the following relations between the cap 
product and cup product. 
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Lemma 6.4. Let A be a self-injective algebra. Then we have the following commutative 
diagram for m > 1, n > 2 and n — m >2. 


HH m (H, A) ® HH s - g n (A, A) HH™- n (H, A) 


id® An 


A 


n—m 


HH m (A, A) ® Tor A' 1 ) UL, TorZ m -M, d v ). 

Proof Take / <8) (a <8) ai <g) • • • <S) a n _i) G HH m (H, A) ® Tor7i(A H v ). Then 
/ n (a ® ai ® ® a n _i) = ^ £j/(ai, m ) ® Vi ® a m +i,n-i e Tor7 m -i(A H v ), 




where a(l) := <8) 7/j. Hence we have 

A n-m,m+l(f H (« ® Oi ® ■ ■ ■ ® O n _i)) G Ext m+ 1 (H, Q n+ 1 (H)). 

From the formula in (j40|) . it follows that for any (&i ® • • • ® b m+ \) G H <gl(rn+1 ), 
A n -m,m+i(/n(a;(8)ai®- ■ -®a n _i))(6i®- • -®6 m+ i) = ^ d{xif{a ljm )®a m+lt n-i®yi®b l}m+1 ®l). 


We consider the following diagram, 


Exf£(H,H) ® Ext\ e (H,fr + 1 (H)) -^Ext™ +1 (H,O n+1 (H)) 
,H)<g)HH s 7(A 



id® A„ 
A e 


HH m (H, A) ® Tor„_i(A 



An-m,m+l 


( 41 ) 

where U in the first row represents the Yoneda product in the bounded derived category 
T) b (A ® H op ). It is clear that the top square in (14T| is commutative. Let us prove the 
commutativity of the outer square. For 


/ ® (a ® a 1 ® • • • a n _i) G HH m (H, A) ® Tor7i(A A v ), 


we have (via the up-right direction in Diagram (ITT)) ) 

(U o (id ®A nj i))(/ ® a ® ai >n _i) G Ext™ e +1 (A D n+1 (H)) 
which sends (£>i ® - - - ® b m+x ) G to 

(U o (id®A n ,i))(/ ® a ® ai jn _i)(6i ,m+ 1) — E f (b\,m)d[xi ® ai, n _i ®yi® b m +1 £*D 1). 

i 

On the other hand, we have (via the right-up direction in Diagram (14 1 [) ) 

(An— m,m+l ° n)(/ ® a ® ai, n _i) G Ext^ +1 (H, fT +1 (H)) 
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which sends (&i ® • • • ® 6 m +i) G 7 4^( m + 1 ) to 

(^n—m,m+l ° n)(/ (8) a 0 ai, n _i)(6i ifn+ i) = d(xif(ai im ) 0 a m .+i,n-i <8> Vi 0 ® !)■ 

i 

For j = 1, 2, • • • , n, define 


as follows, 


H, G Horn fc (H® m ,H n+1 (H)) 

:= ^ d(idj 0f)(xi 0 (8) y* <g) 6i, m <8> 1). 

i 

By calculation, we have 

n 

(U O (id®A n ,i) - X n -m,m+i ° n)(/ (8) a 0 ai, n _i) = ^(-l) £i h(iT,), 

j =i 

where G Z depends on Hj. Hence in Ext™ e +1 (H, h2 n+1 (H)), we have 

(U o (id<g>A ni i))(/ <8> CK <8) Ol,n-l) = (Xn-m,m+l ° fl)(/ <8> CK <8> Ol.n-l)- 

So we have verified that the outer square in Diagram (PXTh commutes, hence the lower 
square also commutes. ■ 

Remark 6.5. For the case n — m — 1, we have the following commutative diagram 

HH m (H, A) 0 HH S 7(H, A) —— HH> (H, A) 


id® A 
.A' 


Ai 


HH m (H, A) 0 Tor ^(A, H v ) Tor£ (A, H v ), 

where the injection Ai : HH* (A A) —Y Tor^A AL V ) is defined in Proposition [H21 Indeed, 
it is sufficient to prove that 


/ n (a <8) Gq, n -i) = y>/KJ <8> G Im(Ai) 


(42) 


for / G HH m (A H) and a 0 G TorjA (A A v ). From the exact sequence in Propos¬ 
tion [6721 


0-- HH-TH, A) — H v ® A * A — Horn A e(A, A) HH° (A A) -> 0, 


Sg\ 


it follows that (TI2|) is equivalent to 

Hl(f n (a 0 Ol,n-l)) = ^ X if( a l,rn)Ui = 0. 

i 

Indeed, we have 


m— 1 


(-l)V(a* (8) aij_i <8) a i a i+1 <8) a j+2 , m )|/i+ 

i i i j =1 

( 1) f ® ^l,m—1 )^m2/z 

= 0 . 

Here we used <5(/) = 0 in the first identity and d(a <8> oi, n -i) = 0 in the second identity. 
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We are also interested in the case n — m < 0. Before discussing this case, let us 
define some operators on Hochschild cohomology and homology. Let A be an associative 
algebra (not necessarily, self-injective) over a field k. We will define a (generalized) cap 
product as follows. Let 0 < n < m, define 

n : C m (A , A) ® C n (A, A v ) -G C m - n -\A, A) 

(/fl(a<8)ai<8)- • -<g>a n ))(bi<8>- • i) := • • <E>a n ®7/j®61 ®• • -®6 m _ n _i), 

where a(l) := <g) y*. 

Lemma 6.6. The D induces a well-defined operator on the level of homology, 

n : HH m (LL, A) ® HH n (A, A v ) -G A). 

Proof. It is sufficient to check that 

Z m (A, A) n Z n (A, A v ) c Z m ~ n ~ 1 (A, A), 

Z m (A, A) n B n {A, A v ) c B m ~ n ~\A, A), 

B m (A, A) n Z n (A, A v ) c B m ~ n - 1 {A, A). 

Let / G Z m (A, A) and z = a ® a i <£> • • • <£> a n G Z n (A, kl v ). Then we have 

5(fnz)(bi® •••®6 m _ n ) 

m—n—1 

=M/ n z)(b 2 ,m-n) + ^ (-1) J (/ n z)(h 1J-1 ® fcj&j+l <g>. 6 i+ 2,m-n) + 

J=1 

(-l)"*- n (/nz)(6 1 , m _ n _ 1 )6 m _ n 

m—n—1 

x kf(®‘l,n Z> yk ® 1 ® bjbj- 1-1 ® ^j+ 2 ,m—n)A~ 

fc j=l fc 

( 1) ^ ^ %kf (Ol ,n ® yk Z) l)b m — n 

k 

= 0 , 

where the last identity follows from the fact that <5(/) = 0 and dz = 0. Similarly, for 
/ G Hom(A 0m_1 , t 4) and z G Z„(kL,kl v ) we have 

6(f)nz = 6(fnz), 

and for / G Z m (kl, A) and z G (7 n+ i(^4, A v ) 

fnd n+ i(z) = S(fnz). 


Let A be an associative algebra. We will also define a (generalized) cnp product on 
Tor) 4 {A, Ah'). Let m,n G Z> 0 , 

U : C m (A, A v ) x C n {A, A v ) —>• C m+n+1 (A, A v ) (43) 

is defined as follows, take 


y^X X i ® Vi) ® °1 ,rn e Cm (A ^) 



and 


we define 


Z^ x 'j <8) y'j) Z b 1:U e C n (A, A v ), 


(Z X i®yi® °1 ,m) U (Z x 'j ® y'j ® Kn) '■= Z( X i ® V'jVi) ® a l ,m Z %'j Z h,n- 

i 3 i,3 

Lemma 6.7. The generalized cup product defined above is well-defined on Tor> 0 (H, A w ). 
Moreover, it is graded commutative. 

Proof. Let 

a = Y( x i ® Vi) ® °i,m e Z m (A, H v ) 

and 

P = Z( x i ® y'j) ® & i ,n e Z n (A, A v ), 

then we have the following, 


d(a U fi) =d(Z( x i ® y'jVi ) ® «i ,m Z Z b l>n ) 

= Z( X i a 1 ® ® a 2,m ® ^ ® 6l,n) + 

771 — 1 

Z ^ _1 ) k Z( x i ® y'jdi) ® a M-i ® a i a i+ 1 ® a i+ 2 , m <8> x'j Z 6i, n + 

fc=i 

^ ' ( 1) ^ ® yjVi) Z ®l,m—1 ® &mXj Z bi n -\- 

YX-l) m+1 Y( X i ® y’jVi) ® a l,™ ® X 'j b l ® b 2 , n + 

n—1 

Z 5^( _1 ) m+1+fc ( a:i ® VjVi ) ® a l,™ ® ^ ® 6l,fc-l ® &fc&fc+l ® &fc+2,n+ 
fc=l 

y^(-l) m+n+1 (gj Z bny'jVi) Z ai, m ® x' <g> 

= 0 , 


where the last identity follows from the fact that da = d/3 = 0. Hence we have 


Z m (H, H v ) U Z n (H, H v ) c Z m+n+1 (H, H v ). 


Similarly, the followings can be verified 

Z m (A, A v ) U B n (A, A v ) c B m+n+1 (A, A v ), 
B m (A, A v ) U Z n (A, A v ) c B m+n+1 (A, A v ). 

It remains to verify the graded commutativity. By calculation, we have 


Ctufi -(-1 ) m y U a = ^ E(- 1 > m+ ”“~ 1,<( (fe ® Vi) ® ® y ® (-!,» 0 y'j Z a m -k+i,m)- 

k =o 

Hence, we have 

aUP- (-1 ) mn P Uae B m+n+1 (A, H v ). 

Thus, a U fi = (—1 ) mn /3 U a. Therefore, we have finished the proof. ■ 

Let us go back to our special case, then we have the following. 
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Lemma 6.8. Let A be a self-injecitve algebra over a field k. Then the following diagram 
commutes for m > 1, n > 2 and m — n > 1, 

HH m (A A) ® HH s - n (A, A) HH™- n (A A) 

id® “ 

HH m (A, A) ® Tor f_fiA, H v ) HH m ~ n (A, A). 


Proof. The proof is similar to the proof of Lemma | 

Remark 6.9. For m — n — 0, we have the following commutative diagram, 

HH m (A A) ® HH“ m (A A) 

id® An 


^HH s ° g (hL,dl) 

7T0 

HH m (A A) <g> Tor^l, (A, H v ) -AA HH°(A A), 


where 7r 0 : HH°(H,H) —> HH([ g (A A) is the surjection defined in Proposition 16.21 
Similarly, we also have the following lemma. 

Lemma 6.10. Let A be a self-injective algebra over a field k. Then we have the following 
commutative diagram for m > 2, n > 2, 


HH s - g m (H, A) ® HH s - g n (H, A) 


sg 


tttt— m—n 

Xliigg 


(A, A) 


n 




■ Torj 


AAAA 


Remark 6.11. For m — n — 1, we have the following commutative diagram, 


HH“ (A A) <8> HH” (A A) 


‘sg sg 

(Ai®Ai ) -1 
„A e //l jv\ o on_ A 


■HH^(AH) 


Torg (A, H v ) ® Torg (A H v ) -A- Torf (A H v ). 


Therefore, in conclusion, the graded commutative associative algebra structure on 
(HH* (A H), U) becomes well-understood. Namely, it can be interpreted as the (general¬ 
ized) cap product and the (generalized) cup product. Next we will investigate the graded 
Lie algebra structure on (HH* (A A> [•, •]) in the case of a symmetric algebra A. 

Before starting the case of symmetric algebras, let us recall the Connes B-operator on 
Hochschild homology and the structure of a Batalin-Vilkovisky (BV) algebra. For more 
details, we refer to [Com iLod . Xu.. 


Definition 6.12. Let A be an associative algebra over a commutative algebra k. We 
define an operator on Hochschild homology, 


B : C r (A, A) C r+1 (A,A), 
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which sends oq <8> • ■ ■ <8> a r G C r (A , A) to 


-B(a 0 0 ■ ■ ■ 0a r ) : = ^(—l)* r l ® a* <8> ■ ■ • <8> a r 0 a 0 <8> ■ • • <8> a,_i + 

i=0 

(—l)* r aj <8> 1 (8) a* + i <8> ■ ■ • <8> a r <8> a 0 <8> ■ • • Oj_i. 

It is easy to check that B is a chain map satisfying 

BoB = 0, 

which induces an operator (still denote by B), 

B : HH r (A, A) -> HH r+ i(A, A). 

We call this operator Connes B-operator. 

Remark 6.13. We also consider the Connes B-operator on normalized Hochschild com¬ 
plex. 

B : C r (A,A) ->C r+1 (A,A), 
which sends a 0 , r G C r (A,A) to 

r 

R(a 0 ,r) := ^(—l) ,r l <8> a* <8> ■ ■ • <8> a r <g) a 0 <g) • • ■ <g) . 

*=o 

Definition 6.14. A Batalin-Vilkovisky algebra (BV algebra for short) is a Gerstenhaber 
algebra (H*, U, [•,•]) together with an operator A : %* —* "H* -1 of degree —1 such that 
A o A = 0, A(l) = 0 and satisfying the following BV identity, 

[a, p\ = (—i)l"l +1 A(a U 0) + (—l)l“lA(a) U fl + a U A {/3) 

for homogeneous elements a, f3 G 'H*. 

From here onwards, assume that k is a field. Let A be a symmetric fc-algebra (i.e. 
there is a symmetric, associative and non-degenerate inner product (•, •) : A 0 A —> k). 
Then the inner product (•, •) induces an A-A-bimodule isomorphism 

t: A -> D(A) := Hom fc (A, k) , , 

a (a,-). [ ’ 

where the A-A-bimodule structure on D(A) is given as follows, for / G D(A) and a <8)6 G 
A 0 A op 

((a <8> b)f)(c) = f(cba). 

This isomorphism t induces the following isomorphism 

U 8) id: A <8> A ->• D(A) <8> A = End(A) 

a 0b i —y t(a) 0 b (->• (a; i->- t(a)(x)b). 

We define the element 

(t 0 id) -1 (id) := ^ e* <8> fi G A <8> A 

i 

as the Casimir element of A (with respect to the inner product (•,•)) (cf. [Brou] ). The 
following proposition states some properties on Casimir element. 
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Proposition 6.15 (Proposition 3.3. [ Brou] ). 1. For all a, a' E A, we have 


ae^a' ® fi = ® a'fia. 

i 


2. The map 

A —y Hom^e^, A e ) 
a Y,i e i a ® U 

is an right A-A-himodule isomorphism. Here A is a right A-A-himodule defined as 
follows, for a E A and b ® c E A e , 

a ■ (b ® c) := cab , 

the right A-A-bimodule structure on Hom^A, A e ) is given by, for f E 110111746 ( 74 , t4 6 ) 
and b ® c £ t4 6 , 

/ • (6<g>c)(a) := f[cba ), 
and we identify Honi^e^, t4 6 ) as 

(t4 ® A) a := a* ® bi E A ® A | aai ® b.- L = a* ® h^a, for any a E A}. 

Since we have the following isomorphisms via the isomorphism t defined in (1TTD above, 

D{C n (A,A)) = D(A ® A e D 2 (A ® n+2 )) = Rom A fiA, D(A m+2 )) 

** Hom A fiD 2 (A® n+2 ),D(A)) =* C n (A,A) 

where the third isomorphism follows from the fact that D induces an equivalence between 
74 e -mod and (74 e -mod) op and the forth isomorphism is induced from the isomorphism t. 
Hence we have a duality between Hochschild homology and cohomology, for n E Z> 0l 

HH„(t 4, 74)* = HH n (A, A). (45) 

Hence from Proposition 16.21 and 16. 151 we have for n > 1, 

K n : Ext 1 ^,^ 2 ^)) = HH-"- 1 ^,^) = Torf (t4, t 4 v ) =* Torf {A, A)) = HH n (74,74)*. 

In the rest of our paper, for simplicity, we often use the same K n to indicate any of those 
natural isomorphisms above. For example, we have the following isomorphism, 

K n : Torf (A, A) -> Ext 1 ^,^ 2 ^)) 

a 0 ® a 1 <g> • • • fg> a n (->■ (b (->• JA d(eia 0 ® a 1}U ® fi ® b ® 1)). 

Moreover we have the following result on symmetric algebras. 

Theorem 6.16 ( [Traj . (Men2j ). Let A be a symmetric algebra over a field k. Then 


(HH*(t4,t4),U, [■,•], A) 


is a BV algebra, where the BV-operator A is the dual of the Connes B-operator via the 
duality O above. 

Now let us state our propositions. 
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Proposition 6.17. Let A be a symmetric algebra over a field, k. Then we have the 
following commutative diagram for m > 1, n > 2 and n — m > 1, 


HH m (+ A) <g> Ext \ e {A, f7 n+1 (+) — Ext % e (A, LT + \A)) 



Sg 


HH m (A,A)®Torf_ 1 (A,A) 



— m+1 


where {•, •} is defined as follows, for f E HH m (+ A), a G Tor^_ 1 (A, A), 

{/, «} := (—l) m A(/) n a + / n B(a ) + (-1 ) m+1 B(f n a). 

Proof. From the definition of the Gerstenhaber bracket [•,•], it follows that the top 
square is commutative. Hence it remains to check the commutativity of the outer square. 

Let / e HH m (+ A) and 

z := E ap ® Qi ® • • • ® a n ~i G Tor^l 1 (^4, H). 

Then 

Kn-m+l ({/, z})(6i <E) • • • <E> b m ) 

= y^(-l) m+(rn ~ 1 )(n ~ 1 ) d(e j a 0 A(/)(ai, m _i) ® ® <g> ® 1) + 

n —1 

X) ^(-l) i(n " 1)+mn rf(e,(/ ® id)(a i , n _ 1 ® a 0)i -i) ® f) ® b 1<m ® 1)+ 

j=0 

^(-l) m+ 1 +m(n_ 1 ) d(e i ® a 0 /(ai, m ) ® a m+ i, n _i ® <g> 6 i, m ® 1 ) + 

n—m— 1 

E E (_l)m+ 1 +m(n l)+ 4 (n m l+( ej 0 ® a 0 f(a 1}m ) ® a m+M+m _i <g) fj <g) ® 1 ) 

[/, K n (z)](&i ® • • • 0 6 m ) = / • K„(z)(&l,m) - «n(z) O /(+ m ) 

m 

= E ^(-l) (m+1_ * )(n+1) d(/ ® id)(6i j j_ 1 <g> d(eja 0 ® a iin _i ® fj ® 6* ® 1) ® & i+ i, m ) ® 1+ 

2=1 

72+1 

y^(-l) n+1+ ( n+1 ~*) m d(idj ® f)(d(eja 0 ® ai >n _i ® fj ® &i ® 1) ® & 2 , m ® 1)- 
2=1 

E rf ( e i a 0 ® ai,n—1 ® fj ® /(+m) ® 1) 

772 

= E E(~ 1 ) (m ~ t)(n+1) ^(/ ® ® e,a 0 ® ai, n _i ® fj ® 6 i>m ) ® 1+ 

2=1 

72 

E E(- 1 ) (B+ 1 _ * )m d(^ ® /)( e j «0 ® Ol,n-l ® fj ® 6 l,m ® 1 ) 

2=1 
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Claim that 

n— m+1 


°=£ £ 1)+rnn d(ej(f <8> id)(aj )Tl _i <8> a 0 ,j_i) <8> fj ® b hm <8> 1) + 

y^(-l) m+1+m ( n ~ 1) (i(ej ® a 0 /(ai, m ) <8> a m+ i, n _i <8> fj ® <8> 1) + 

n—m— 1 

£ £ (_l)m+ i +m(n i)+»(n ™ ^ a i+mi „_ 1 (g a 0 /(a lim ) ® ® /j (8) 6 1iTO ® 1)- 

2=1 
n—m 

££ (-l)( n+1 l)m d{idi <8> /)(e i a 0 <8> ai,n-i <8> fj <S> +m <8> 1) 

2=1 

Hence we have 

(^n—m+1 ({«/> -2'}) [,/*? ^n(^')])(^l ® ® ^m) 

= J](-l)-+(— 1 )(- 1 )d(e j a 0 A(/)(a 1>m _ 1 ) ® a m , n _ x ® fj ® 6 1>m ® 1) + 
^(-l) mn rf(e j /(a 0 , m _i) ® a m , n _i ® fj <8> 6 1>m ® 1+ 


22—1 


2 = 22 — 272+2 

272 

E YX-V {m -' )(n+ Mf ® id)(6i,i—1 ® ejO 0 ® ai >n _i ® fj ® b i>m ) < 8 > 1- 

2=1 

22 

£ £ (-l) (ri+1 l)m d{idi <8> /)(e i a 0 <8> ai )fl _i <8> fj <S> b hm <8> 1) 

2 = 22 — 272+1 

We have the following 

y, d(id„®/)(e j a 0 <8> ai, n _i <8> fj <8> <8> 1) 

j 

: y d(eja 0 <8> ai, n -i <S> (4/(/i ® +m-i), !)/£ ® b m <8> 1) 

j,k 


(46) 


272—1 272—1 


= y y y (_i)("*+ 0 (m-i)+ 1 < j( d ( ej . ao 0 ai n _ ; 0 (/(id^.! ®e' fc ® a n —Z+1,22— 1 ® /? ® 1)/^ 

j,k 1=1 i=l 

272 

<8) i+ ®l)(6i, m ) + y y (-l) m(m ' 1) d(e j a 0 <8> ai, n _i <8> <8> 6 m ® 1)+ 

j *=i 

272 

5D 5Z)(-i)( m " I)< ”* + ' > rf(/(6 I , m—l ® ?! ® ®n-Z+l,n-l)Oo <8> &1 ,n-l ® fk <8> b m -l+l,m ® 1) + 
k 1=1 

272—1 

££ (_l) m * +1 d(e J a 0 <8) ai,n-i-i ® /(a n _;, n _i <8) fj <8> ® ® 1 

i i=i 

(47) 
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Combining ( 146]) with ( T47j) . we obtain that 


(^n—ra+1 ({«/*) ^}) If) ^n(^)])(^l ® ® ^m) 

= J^(-l) m ”ci(e i /(ao, m -i) 0 a m , n -i ® fj ® &i,m ® 1+ 

n—1 

E E (—l)* (n_1)+m "<i(e :; (/ ® id)(aj jn _i ® a 0) j_i) ® ® &i, m 0 1) — 

i=n— m+1 
m 

E E(~ 1 ) (m ~' )(TI+1) ^(/ ® id.)(6i,i— i ® e^-ao ® ai,„-i ® fj 0 &j, m ) 0 1- 
2=1 
m 

E E(~ 1 ) (m ~ 1)(TO+0+m 4/’(^i,m-; 0 e, 0 a n _ z+ i jn _i)a 0 0 ai, n _; 0 fj 0 0 1 

j z=i 

(4 

Let us compute the following term in (1481) . 

E +/ 0 id)(&i, m -i 0 e i a o 0 ai,n-i 0 fj 0 V) 0 1 
= E ( lf{b\,rn-\ 0 ej-Oo) 0 ai,n-l 0 fj 0 bm 0 1 

= (-l) m_1 E dhffam-i 0 e_j 0 a 0 ) 0 ai,n-i 0 fj 0 b m 0 1+ 

m—2 

EE (_!)— 1+ 7(+ frl 0fc+ +1 ^z+2,m—i ® n<o) ® ^l,n—1 fj ® bm 1+ 

2=1 

f (pi,m—2 ® &m-i^ <g> a 0 ) ® ai, n _i <g> ® b m <g> 1 + d/(&i jm _i ® e^ao <g> ai >n _i <g> /j ® b n 

m —1 

= E(~ 1 ) m ~ 1+(t ~ 1)w E <S( d /( id m-t-i 0ej 0 a 0 ,i-i) 0 Oj,n-i 0 idj 0l)(+ m ) 

2=1 

m—1 

E(-l) (n_1) * +1 d/(fei im _i_ i 0 ejtt 0 0 «l,i) 0 ai+l,n-l 0 fj 0 ® 1 + 

2=1 

m 

E(-l) (m_1) * +m+1 cf/(6i im _i 0 ej 0 a n -i+l,n-l)«0 0 Ol.n-i 0 fj 0 0 1 + 

2=1 

E(- 1 ) mn de j /(a 0 , m _i) 0 a m , n _i 0 fj 0 0 1+ 

n—1 

E (-1 y( n - 1)+mn dej(f 0 id)(a ijn _i 0 a 0ii _i) 0 fj 0 &i, m 0 1 

2=22—m+1 

(4 

From (JUD, it follows that 

K n . m+1 ({f,z}) - [f^ n (z)] G Z m (A,n n+1 (A)), 
hence we have the following identity in Ext™ e (+ r2 n+1 (+) 

Kn—m+l({fi + ) = [/) ^n{ z )])- 


Therefore we have completed our proof. 


Remark 6.18. We also have the following commutative diagram for m > l,n > 2 and 
n — m > 1 , 


HH m (H, A) <g) HH (A, A) 


id®K n 


HH™(Ai4)®T OT £ 1 (A,A) 




HH n ~ m (A,Ay 


— n -\-1 


Tor f_ m (A,A) 


where [•, •]* is defined as follows, for any / G HH m (H,H) and a G HH n_ 1 (H, A)*, 


[/,«]*(-) : = («, [/>-])• 

In fact, for / G HH m (d,d),aG Tor^A, A) and g G HH n_m (H, A), 

[/, ^n 1 ^)]*^) =(«n 1 ( Q! )>[/>^]) 

= («- 1 (a), (—l) m A(/) U (7 + / U A(^) + (—l) m+ 1 A(/ U 77 )) 
=(- 1 ) m («m 1 -r i +i(A(/) na),s) + (ft" 1 _ ri+1 (R(/n «)),(/)+ 

(-ir +1 KU(/n5(«)),3) 

= (K" 1 _ n+ i({/,a}),^) 

where the second identity is the BV identity (cf. Definition I6.14p . hence it follows that 
the diagram above is commutative. 

Similarly, we obtain the following proposition. 

Proposition 6.19. Let A be a symmetric algebra over a field k. Then we have the 
following commutative diagram for m > 1 , n > 2 and n — m < — 2 , 


HH m (A,A) <g> Ext\e(A^ n+1 (^)) --Ext^(H,D n+ 1 (H)) 


HH m (H,A)®HH s - n (H,H) 

id®K n 


HH™ _n_ 1 (H, A) 

— m -\-1 


HH m (H, A) ® Tor^H, A) - H H m_n “ 1 (H, A) 

where {-, •} is defined as follows: for any f G HH m (H, A) and a G Tor^l^A, A), 

{/, «} := (-l) m A(/) n a + / n B(a) + (-l) m+1 A(/ n a), 
where a represents the generalized cap product defined in Lemma UTR 

Proof. The proof is similar to the one of Proposition 16. 171 Take / G HH m (H, A) and 

z := ^ a 0 <8 ai, n _i G Tor^ifiA, A). 
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Then we have 

Ti—m+1 ({/j ) ip\,m) 

= ( 1) ^ ^ dCjClpA^f) (Qi, n _ i $5 fj 0 b \ m — n _ i) 0 &m—n,m 0 lT 

n—1 

^ ^ ^ 1) ^ ^dcjf (otjyj— i 0 0-o,i— i ® fj ® b\ m _ n _ i) (x) b m — nm 0 IT 

i=0 

( —l) m+1 rfA(/ n ^)(&l,rn-n-l) 0 +-n,m 0 1 
[/, K n (z)](&i 0 • • • 0 b m ) 

m 

= y y(-l) (?7w)(n+1) d(/ (8) id)(6i,i_i 0 e^ao 0 ai, n _i 0 fj 0 6 i>m ) 0 IT 
2=1 
n 

Y y (-l) ( " +1 ~* )m d(idj ®/)(e j a 0 0 ai, n _i 0 fj 0 &i, m 0 1) 

2=1 

Let us compute the following term, 


(50) 


d/(6i,m-i ® ejOo) 0 ai, n _i 0 fj 0 b m 0 1 

= y^(—l) m ~ 1 (5((i/(id m _2 0ej 0 a 0 ) 0 cii, n -i 0 fj 0 id0l)(&i >m )T 
(-!)E df(b hm _ 2 0 ej 0 a 0 ) 0 a i, n _i 0 fj 0 0 IT 

Ew l,m—2 0 Cj 0 a 0 ) 0 ai,n-l 0 fj 0 &m-l ® + T 

y, df(bi tm -2 0 6m-iej 0 a 0 ) 0 ai, n _i <g) fj 0 b m <8) IT 

y d/( 61 ,m -1 ® ej)a 0 ® ai,n-i ® fj ® b m 0 1 
m —1 

= y y (-l) m_1+(t_1)n 5(d/(id m _i_i 0ej 0 a 0 ,i-i) 0 0 fj 0 id m _* 0l)(6i, m ) 

2=1 


y y (-l) (n 1)l+1 <if(6i )T re—*—i 0 e^ao 0 a M ) 0 a i+ i, n _i 0 fj 0 0 IT 

2=1 
n 

EEi-ifj/it,, m—i ^ ^ ^n— 2 +l,n—1)^0 ^ ^l,n —2 ^ fj ^ ^m— 2 + 1 ,ra ^ l - ! - 

2=1 
n—1 

^ ^ ^ ^ ( 1) ^ f iflijn— 1 ® ^ 0 , 2—1 ® «/jf ® ^l,m—n—l) ® n,ra ® 1 

2=1 

(51) 
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Hence the following identity holds by combining (l50|i and fl5T]) . 


(^n— m+1 {{ft *■}) [/) ^n(^)]) (pl,m) 

( 1) ^ dcjCLQ^i^f') (ogn—i 0 fj 0 bi^ n _ n _i) 0 b m — nrn 0 ld" 

(—l) m+ 1 dA(/ n z)( 6 i, m - n -i) ® b m — n rn 0 1- 

m—n 

EE (-l) (m l)(n+1) d{f 0 id) (61,4-1 ® e^ao 0 ai, n _i 0 fj 0 6<, m ) 0 1- 
2—1 
n 

y^y^(-l) (w+1 ~ t)m d(idj(8)/)(e-,ao 0 a 1)n _i 0 fj 0 6i, m 0 1)- 

2=1 

n 

l,m—i 0 C? 0 ®n—i+l,n—1)®0 0 G&l,n—£ 0 fj 0 0 1 

i=l 

By calculation, we have the following identity 


(52) 


y dejd o <8) oi, n _i <8) /(/, 0 6i, m -i) <8> 6 m l 

= y dejCi 0 <8) Oi, n -i 0> ( e'kfifj ® 1)/* ® 6 m <8> 1 

n m— 1 

= y y y (-l) (m+z)(m - i)+1 < 5 (d ej ao < 8 ) a 1)n _, (g) (y(idjTi—j_! 0e' fe < 8 ) a n —z+i,n—i ® /j ® id-2—z)? 1)/^ 

Z=1 i=l 

m 

0 id; ®l)(6i, m ) + y y (-l) m(m ' 1) de i a 0 0 0 A(/)(6i, m _i )fj <8> b m 0 1 + 

2=1 

72—1 

^ ^ ^ ^ ( 1) dCjCiQ ® ^ 1 ,n—Z—1 ® f ifln—l,n— 1 ® fj ® ^l,m— l— l) ® 6 m _ l,m ® l“l“ 

Z=1 

72—1 

y] y^(-l) (m+1)t+1 deja 0 ® ® ® e' ® a n _i, n -i)/j, 1 )/j ® 6772-2,772 ® 1+ 

2=0 

772—72 

EE dCjOjQ^f (62,772—72—1 ® ® ^ 1 , 72—1 ® «/j‘ ® 6l } 2—l)j l)jfj ® 6 m _ n?m ® 1 

2=1 

(53) 


Combining (1521) and (15Hj) . we obtain that 

(^ra—m+1 ({/) -^1) [/) ^n(^)]) (6l,m) 

= ( —l) m+1 A(/ n ^)(6i, m _ n _i) 0 0 1- 

772 — 72 

EE (—i) (m l){n+ 1 ) d(f 0 id)(6i,i_ 1 0 e.jOo 0 ai, n _i 0 fj 0 6*, m ) 0 1- (54) 

2=1 
m—n 

EE ^ e j a 0 (/( 6 i, 772 - 72-1 ® ® ^ 1 , 72—1 ® «/j’ ® 6 ^l)? ® 6 m _ n?m ® 1 

2=1 
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Hence from (1541) . it remains to verify the following identity, 

0 =( —l) m+1 A(/ n 2)(6i, m _ n _i) ® 8 1 - 

m—n 

EE (_ 1 )(m-i)(n+ 1 ) d (f 0 id )(6 1>i _ 1 (g, ej a 0 <8 Gl,n-1 <8 fj 8 &i, r 


1- 


2=1 

m—n 


(55) 


EE dejOo(/(6t,m-n -1 8 e' 8 ai >n _i 8 fj 8 1)/J 8 8 1 


2=1 


Let us prove Identity (155J) above. 


^ ^ dfejClof (cLi^n— 1 ® ® ^l,m—n— 1 ® ) ? 1) «/j‘ ® n,m ® 1 

^ ^ ( l) ^(/( e j a 0 ® ^l,n—1 ® fjb 1 ® ^2,ra— n—1 ® ® n,m ® ld~ 

m—n—2 

^ ^ ( 1) ^ ^ d(f(ejOo ® ®l,n —1 ® «/? ® ^ 1 , 2—1 ® ^ 2 ^ 2+1 ® ^ 2 + 2 , m—n— 1 ® fj ® n,m ® ld“ 

2=1 

^ 1) d(f(ejdo ® ^l,n—1 ® /j' ® &l,m—n—2 ® n— l^j)? 1)«/^ ® n,m ® ld~ 

J^(-l) m+1 d(/(eja 0 ® ® /j ® &l,m-n-l)e', 1 )f' ® 6m-n,m ® 1 

m—n 

= 22^2 (-l)^*" 1 df (&!,< 8 e^ao 8 Gyn-l 8 fj 8 8 8 1 + 

2=1 

m—n—1 

^ (— 1 )* (m_n)+1 (eja 0 f 8 fj 8 &i, ro - n -i 8 e' 8 6iy_i), 1)/J 8 & m _„ lTO 8 1+ 

2=1 

m—n 

EE d(f(bi,i- 1 8 e-'k e j a o 8 ai itl _i 8 fj 8 1)/* 8 8 1. 

2=1 

Hence we have the right hand side in (155]) is zero. ■ 

Proposition 6.20. Lei A be a symmetric algebra over a field k. Then we have the 
following commutative diagram for m > 2, n > 2, 


Ext 1 (H, H m+1 (H)) 8 Ext^ e (A, H n+1 (H)) Ext^ e (A, fi m+n+2 (H)) 


HH- m (A A) 8 HH“ n (A A) 


HH~ m_n_1 


Sg 


(A, A) 




Tor%_ 1 (A,A)®Tor?_ 1 (A,A) 




^m+n+1 


Tor^ + „(A, A) 


where {•, •} is defined as follows, for any a G Tor^_ 1 (H,H) and (3 G Tor^_ 1 (H,H) 

{a, (3} := (-1 ) m B(a) U /3 + a U B{P) + (-l) m+1 H(a U /3), 

where U represents the generalized cup product defined in 

Proof. The proof is similar to the proof in Proposition 16.191 ■ 

Therefore, combining Theorem 16.161 Proposition 16.171 16.191 and 16.201 we obtain the 
following corollary. 
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Corollary 6.21. Let A be a symmetric algebra over a field k. Then HH* g (A, A) is a 
BV algebra with BV operator A sg; which is the Connes B-operator for the negative part 
HH^°(kl, A), the A-operator for the positive part HH^°(kl,kl) and 

^s g | HHg g (A, a) — 0 : HH° g (A,A) — > HHg^A, A). 

In particular, we have two BV subalgebras HH^°(A, A) and HH^,°(A, A) with induced BV 
algebra structures. 

Proof. It remains to prove that we have the following commutative diagram for m G 
Z>o, that is, the image of the bracket {•, •} is contained in HH^ 1 ^, A). 


HH™(4 A) 0 Tor A) M. Torf (A, A) 

till - 1 l/l./li 


(56) 


where we recall that the injection 

mt£(A,A)^ToTf(A,A) 
is dehned in Proposition 16.21 and 

{/,«} := (-i) m A(/)n« + /n%) 

for any / G HH m_1 (A, A) and a G Tor^lj (A, A). From the short exact sequence in 
Proposition 16.21 

0-- HH- 1 (A, A) -- A v <g) A e A -C- Honpe (A, A) -- HH° (A, A) -> 0 


it is sufficient to show that for any / G HH m l (A, A) and 

a := ^ a 0 ® G Tor^ (A A), 

we have 


/**({/>«}) = o. 


Indeed, we have 


m —1 


«}) = X]( _1 ) me t a o A (/)( ai ’ m ”i)/i + S ® a 0 ,i-l)fj. 


j i=0 


m— 1 


Vf't + v ^(-1 ® ao.i-r)/, 

j j 1=0 

m 

® fA 0 «„_!>, i)/;+ 

j i=1 
m —1 

Xt ® ao,i-i )f, 

j i =0 


=0 
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since by direct calculation, we obtain that 


E E(- i r +i< ’"~ 1) w/k~.-i ® fi 4 ® i )K = o, 

3 i =1 

m—1 

^ ^(_l)i(--l) e . /(a . m _ i g, aQ ._ i)fj = 0 
3 *=0 

Moreover, we have the following commutative diagram, 

HH m (A A) ® Tor^A /l) -ti HH^(A /l) 

id(glK m 

HH m (A, A) ® HH“ m (A, A) HH^A, A). 

Therefore, the proof has been completed. ■ 

Corollary 6.22. Let A be a symmetric algebra over a field, k. Then the cyclic homology 
HC*(A, A) is a graded Lie algebra of lower degree 2, that is, HC*(A, A)[— 1] is a graded 
Lie algebra. 

Proof. This is an immediate corollary of Porposition 26 in [ Menlj since from Corol¬ 
lary [C2T] above it follows that HH*(A,A), equipped with Connes B-operator is a BV 
algebra. ■ 
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